Abstract. Yakov Berkovich investigated the following concept: a subgroup H of a finite group G is called an
Introduction and notation
All groups considered in this paper are finite. We use conventional notions and notations, as in [5, 22] . Throughout this article G stands for a finite group and .G/ denotes the set of primes dividing jGj. A subgroup H of G is said to be permutable in G if H permutes with every subgroup of G. A group G is said to be a PT-group (respectively, T -group) if permutability (respectively, normality) is a transitive relation in G. By a result of Ore ( [5] ) PT-groups are exactly those groups where all subnormal subgroups are permutable. A subgroup of G is called s-permutable in G if it permutes with all Sylow subgroups of G. A group G is said to be a PST-group if s-permutability is a transitive relation in G. By a result of Kegel ([5, Theorem 1.2.14 (3)]) PST-groups are exactly those groups where all subnormal subgroups are s-permutable. There are several characterizations in the literature of finite solvable T -groups, PT-groups and PST-groups (see [5] ). In [6, 26] Ballester-Bolinches, Esteban-Romero and Li characterized the classes of finite solvable T -groups, PT-groups or PST-groups in terms of embedding of subgroups (or subgroups of prime-power order) in their normal, permutable, or s-permutable closure.
A subgroup H of G is called a CR-subgroup (Character Restriction) of G if every complex irreducible character of H is a restriction of some irreducible character of G ( [24] ). It is well known that if H is a CR-subgroup of G and K E H , 688 I. A. Malinowska then K G \ H D K. In [11] Berkovich introduced an interesting subgroup embedding property: Definition 1.1. Let G be a group, H 6 G. A triple .G; H; K/ is said to be special in G if K E H 6 G and H \ K G D K. A subgroup H is said to be an NR-subgroup of G (Normal Restriction) if, whenever K is normal in H , the triple .G; H; K/ is special in G.
In [35] Tong-Viet showed that if every maximal subgroup of G is an NR-subgroup of G, then G is solvable. In [11] Berkovich proved that if all Sylow subgroups of a group G are NR-subgroups, then G is supersolvable. It is natural to consider a group G in which each p-subgroup is an NR-subgroup of G. We prove that in this way we get a new characterization of solvable T -groups.
The aim of this paper is twofold. First, we give new characterizations of finite solvable T -groups (Theorem 2.6), PT-groups (Theorem 2.7) and PST-groups (Theorem 2.8) in terms of NR-subgroups and their generalizations. Examples from Section 2 show the differences between the subgroup embedding properties considered in this paper and the ones used in the characterizations of solvable T -, PTand PST-groups in the literature ( [4] [5] [6] 26] ). The second aim is to present some new conditions for supersolvability and p-nilpotency.
From [7] , we know that a subgroup H of G is s-permutably embedded in G if for each prime p dividing jH j, a Sylow p-subgroup of H is also a Sylow p-subgroup of some s-permutable subgroup of G. It is easy to see that if a subgroup H of G is self-normalizing in its s-permutable closure, then H is s-permutably embedded in G. For new results on groups with s-permutably embedded subgroups see [25] . Recently, Guo, Skiba, Shum, Lu and Niu ( [18, 20] ) introduced the following concept, which covers both s-permutability and c-normality. Let H be a subgroup of G, H is said to be s-embedded in G if G has a normal subgroup T such that H T is s-permutable in G and H \ T 6 H sG , where H sG is the maximal s-permutable subgroup of G contained in H . In [18, 20] the authors considered the relation between s-embedded maximal subgroups of Sylow subgroups and p-nilpotency or supersolvability of groups. In [29] we have given a new concept which properly generalizes both the s-permutably embedded property and the s-embedded property. We have clearly showed the differences between these kinds of subgroups. Then we have considered groups with n-minimal subgroups of Sylow p-subgroups satisfying this property. In this paper we consider groups with n-maximal subgroups of Sylow p-subgroups satisfying it and we will generalize some known results. In particular, since a subgroup of a group which is self-normalizing in its normal closure is self-normalizing in its s-permutable closure, we obtain a positive answer to the question of Li ([26, Remark, page 54]).
It is worth pointing out that some subgroups appearing in the characterizations of solvable T -, PT-and PST-groups (see for example [1, 12, 26] ) were also used to obtain conditions for the supersolvability and p-nilpotency of groups (for example [7, 13, 26, 28] ). As shown above, some of these subgroups are sn-embedded in a group.
First we need some new notions and their properties. Definition 1.2. Let G be a group and let H 6 G. The permutable closure A G .H / of H in G is the intersection of all permutable subgroups of G containing H (see [6] ). A triple .G; H; K/ is said to be permutable special in
A subgroup H is said to be a PR-subgroup of G (Permutable Restriction) if, whenever K is normal in H , the triple .G; H; K/ is permutable special in G.
is the intersection of all s-permutable subgroups of G containing H (see [6] ). A triple .G; H; K/ is said to be s-permutable special in G if K E H 6 G and
(1) If the triple .G; H; K/ is special in G, the triple .T; H; K/ is special in T .
(2) If the triple .G; H; K/ is permutable special in G, then the triple .T; H; K/ is permutable special in T .
(3) If the triple .G; H; K/ is s-permutable special in G, then the triple .T; H; K/ is s-permutable special in T .
(8) Every PR-subgroup of G is an sPR-subgroup of G.
Proof. Statement (1) follows by [11, Lemma 4] .
Statements (4)-(6) are obvious by (1)-(3).
Iwasawa and Dedekind p-groups show that the converses of Lemma 1.4 (7)-(8) do not hold.
Lemma 1.5 ([30]
). Let N be a normal p 0 -subgroup of a group G and let P be any p-subgroup of G. Then P is an NR-subgroup of G if and only if PN=N is an NR-subgroup of G=N .
T -groups, PT-groups, PST-groups
In [6, 26] it was shown that G is a solvable T -group (PT-group or PST-group, respectively) if and only if we have
We will show that the same is true if we use NR-subgroups (PR-subgroups or sPR-subgroups, respectively) but the following examples show that there exist groups G with all p-subgroups satisfying the NR-property, PR-property and sPR-property for some prime p but with a p-subgroup H such that 
Example 2.2. Let G be the semidirect product of a quaternion group P of order 8 with a cyclic group Q of order 3, which induces an automorphism permuting cyclically the three maximal subgroups of the quaternion group. Then every 3-subgroup of G is an NR-subgroup of G, a PR-subgroup of G and an sPR-subgroup of G. But
Recall that, for a prime p, a group G satisfies the property C p if every subgroup of a Sylow p-subgroup P of G is normal in its normalizer N G .P /, that G satisfies X p if every subgroup of a Sylow p-subgroup P of G is permutable in N G .P /, and that G satisfies Y p if, whenever H and K are p-subgroups of G with H 6 K, H is s-permutable in N G .K/. These properties are closely related to solvable T -groups, PT-groups and PST-groups (see [5] 
Theorem 2.4. Let p be a prime and let G be a p-group.
(1) If each subgroup of G is an NR-subgroup of G, then G is a Dedekind group.
Theorem 2.5. Let p be a prime and let G be a group.
Proof. Follows by [5 
Therefore H is an NR-subgroup of G. (1) G is a solvable PT-group. (1) G is a solvable PST-group.
(4) For every prime p 2 .G/, every p-subgroup of G is an sPR-subgroup of G.
Let p be a prime. We say that a group H satisfies the property˛p if
group is one with no nontrivial factor groups of order coprime to p. Corollary 2.9. Let p be a prime and let G be a p-nilpotent group. Then
(1) every p 0 -perfect subgroup of G satisfying the property˛p is an sPR-subgroup of G.
(2) G satisfies X p if and only if every p 0 -perfect subgroup of G satisfying the property˛p is a PR-subgroup of G. The following example shows that Corollary 2.9 (with statement (1) as in Question 2.10) is not true for non-p-solvable groups.
Example 2.11. Let G D PSL.2; 53/. Then a Sylow 3-subgroup of G is cyclic of order 3 3 . Since a normalizer of any nontrivial 3-subgroup of G is dihedral of order 2 3 3 , G satisfies C 3 . Clearly a Sylow 3-subgroup of G is neither an sPR-subgroup of G, nor a PR-subgroup of G nor an NR-subgroup of G.
Clearly we can use p-subgroups instead of p 0 -perfect subgroups satisfying the property˛p in Corollary 2.9. By [ 
There are four nontrivial subnormal 2 0 -perfect subgroups of G satisfying˛2: hbi, hb 2 i, ha; bxi, ha; xi. All of them are NR-subgroups of G but G satisfies neither C 2 nor X 2 .
In Example 2.13 we will show that we cannot omit the property˛p in Corollary 2.9. A subgroup H of G is said to satisfy the subnormalizer condition in G if, for every subgroup
In [4] Ballester-Bolinches and Esteban-Romero proved that in the solvable universe the class of all groups satisfying C p is the class of all groups G for which every p 0 -perfect subgroup of G satisfies the subnormalizer condition in G. Example 2.13 also shows that we cannot get a similar result by using NR-subgroups. Example 2.13. Let p be an odd prime and let P D ha; b; c j a p D b p D c p D 1; OEa; b D ci be an extraspecial group of order p 3 and exponent p. Let x be an automorphism of P of order 2 given by a x D a, b x D b 1 . Let G D P Ì hxi be the corresponding semidirect product. It is easily seen that the group G satisfies C 2 . A subgroup H D hb; c; xi is 2 0 -perfect and H does not satisfy the property˛2, as
follows that H is neither an NR-subgroup, nor a PR-subgroup nor an sPR-subgroup of G, respectively.
For the definitions of weak permutability, weak s-permutability and the subpermutizer condition see [5] . All these properties imply the s-subpermutizer condition. A subgroup H of a group G is said to satisfy the s-subpermutizer condition in G when the following condition holds: if H is s-permutable in K and x is an element of G such that K is s-permutable in hK; xi, then H is s-permutable in hH; xi. In the following example we use some observations from [5, Example 2.3.9]. Example 2.14 shows that in Corollary 2.9 we cannot replace sPR-subgroups (respectively, PR-subgroups) by subgroups satisfying the s-subpermutizer condition (respectively, the subpermutizer condition).
Example 2.14. Consider the Iwasawa group P D hx; y j x 2 D y 8 D 1; y x D y 5 i of order 16. This group has an irreducible and faithful module over the field of 17 elements, V D hw 1 ; w 2 i such that the action of the Iwasawa group P is described by w However, L is s-permutable in M D hx; y 2 ; w 1 ; w 2 i, which is normal in G, and M is s-permutable in G D hM; gi, but L is not s-permutable in G D hL; gi. It follows that L does not satisfy the s-subpermutizer condition in G. But it is easily seen that L is an sPR-subgroup of G and L satisfies the property˛2 in G. Furthermore L is a PR-subgroup of G and G satisfies X 2 .
A subgroup H of G is said to be pronormal in G if, for every g 2 G, H and H g are conjugate in their join hH; H g i. For groups H 6 T 6 G we say that H is strongly closed in T with respect to
By [16] if H is a p-subgroup of G, then H is an H -subgroup of G if and only if H is strongly closed in P with respect to G for some Sylow p-subgroup P of G containing H . For the definition of weak normality and the characterizations of solvable T -groups by means of all these properties see [5, 12] . It is known ( [5] ) that for p-subgroups pronormality, weak normality and the subnormalizer condition are equivalent properties. By [4] it is known that if G is a supersolvable group and H is a p-subgroup of G, then H is pronormal in G if and only if H is an H -subgroup of G.
A group G satisfies H p if every normal subgroup of a Sylow p-subgroup of G is pronormal in G. In Example 2.15 we will show that we cannot use an NR-property 
Proof. (1)-(2) Let P be a Sylow p-subgroup of G and H a normal subgroup of P .
The converses of Proposition 2.17 (1)-(2) do not hold. In [2] (see also [5] ) Alejandre, Ballester-Bolinches and Pedraza-Aguilera proved that G is a solvable PST-group if and only if every subgroup of G satisfies H p for every prime p. In [30] we obtained the following characterization of solvable PSTgroups (stated here using the above notations). (1) G is a solvable PST-group.
(2) Every subgroup of G satisfies H p for every prime p. 
Proof. ()) Follows by Proposition 2.17 (1).
(() First we will prove that G is p-supersolvable. Let G be a minimal counterexample. Assume that O p 0 .G/ ¤ 1. By [12, 13] every subgroup of G=O p 0 .G/ satisfies H p . Therefore G=O p 0 .G/ is p-supersolvable and G is p-supersolvable. Now let O p 0 .G/ D 1 and let N be a minimal normal subgroup of G. Then N 6 O p .G/, so N is contained in any Sylow p-subgroup of G. Furthermore every subgroup of G=N satisfies H p by [12, 13] , hence G=N is p-supersolvable. Let Q be any Sylow q-subgroup of G with q ¤ p. Then NQ 6 G. Let K be a maximal subgroup of N .
Finite groups with NR-subgroups or their generalizations 697 Since K is an H -subgroup of NQ, K is normal in NQ by [12] . Therefore K is s-permutable in G. Since every maximal subgroup of N is s-permutable in G, we have jN j D p, by [29 ], G has a unique Sylow p-subgroup. Let T be any subgroup of G. Then T has a unique Sylow p-subgroup, say P . We claim that every subgroup H of P is normalized by Q, where Q is any Sylow q-subgroup of T , with q ¤ p. Let
be a chain between H and P such that jH i W H i C1 j D p, i D 0; : : : ; n 1. Applying induction on n, we can assume n > 0. Since Q 6 N T .H n 1 / and so QH n 1 satisfies H p , we have Q 6 N T .H n / by [12] . Hence every subgroup of P is s-per- The referee has drawn my attention to three other types of subgroups, which are used in characterizations of solvable T -, PT-and PST-groups. Namely, in [8] the notion of normal sensitive subgroup is introduced, which is in fact equivalent to the notion of CEP-subgroup (congruence extension property), which is even older and given in other algebraic structures (see [15] ). Both notions are equivalent to the notion of NR-subgroup. Two generalizations to permutability and s-permutability, the notions of permutable sensitive and s-permutable sensitive subgroups, have been studied in [3, 10] .
A subgroup H of a group G is said to be (a) normal sensitive in G if the following holds:
(b) permutable sensitive in G if the following holds:
(c) s-permutable sensitive in G if the following holds:
The referee noticed that s-permutable sensitive subgroups are sPR-subgroups, but the converse is not true, as the direct product of a symmetric group of degree 4 and a cyclic group of order 2 shows with the subgroup h.1; 2/; .1; 3/.2; 4/.5; 6/; .1; 2/.3; 4/i (here .5; 6/ generates the cyclic group of order 2). He pointed out that similar things can be said about permutable sensitive subgroups and PR-subgroups. We have found the following example. (1) G is a solvable PST-group if and only if, for every p 2 .G/, every p-subgroup of G is s-permutable sensitive in G.
(2) G is a solvable PT-group if and only if, for every p 2 .G/, every p-subgroup of G is permutable sensitive in G.
n-maximal subgroups
A subgroup M n of a group G is said to be an n-maximal subgroup of G if G has a subgroup series M n < M n 1 < < M 1 < M 0 D G such that M i is a maximal subgroup of M i 1 for i D 1; : : : ; n. Let N p denote the class of all p-nilpotent groups.
Definition 3.1 ([29])
. Let H be a subgroup of G; H is said to be sn-embedded in G if there exist a normal subgroup T of G and an s-permutably embedded subgroup H se of G contained in H such that H T is s-permutable in G and H \ T 6 H se .
Lemma 3.2 ([29]
). Let G be a group, H 6 K 6 G and E 6 G.
Finite groups with NR-subgroups or their generalizations 699 (4) Suppose that H is normal in G and .jH j; jEj/ D 1. If E is sn-embedded in G, then .EH /=H is sn-embedded in G=H .
Lemma 3.3. Let G be a group and let p be a prime.
( (4) Assume that jGj; .p 1/.p 2 1/ .p n 1/ D 1 for some integer n > 1.
If G=N 2 N p and jN j is not divisible by p nC1 , then G 2 N p .
Proof. Similarly to [31, Lemma 2.5] we can prove (3)- (4).
Theorem 3.4. Let p be a prime dividing the order of a group G and P a Sylow p-subgroup of G. If every n-maximal subgroup of P (if such a subgroup exists) is sn-embedded in G and jGj; .p 1/.
Proof. Suppose that the result is false and let G be a counterexample of minimal order. We will derive a contradiction in several steps.
(1) jP j > p nC1 . This follows directly by Lemma 3.3.
and
By the assumptions and Lemma 3.2 (4), and PN=N is a Sylow p-subgroup of G=N . If PN=N is cyclic, then G=N is p-nilpotent by Lemma 3.3 (1). Thus assume that PN=N is noncyclic, hence P is noncyclic. Let P 1 =N be an n-maximal subgroup of PN=N . Then there exists an n-maximal subgroup P 2 of P such that P 1 D P 2 N . By the assumptions P 2 is sn-embedded in G. Thus there exist a normal subgroup T of G and an s-permutably embedded subgroup .P 2 / se of G contained in P 2 such that P 2 T is s-permutable in G and P 2 \ T 6 .P 2 / se . Hence T N=N is normal in G=N , P 2 T N=N is s-permutable in G=N , .P 2 / se N=N is s-permutably embedded in G=N by [7, Lemma 1] and .P 2 / se N=N 6 P 2 N=N . Since
and P 2 \ N 6 P \ N ;
By the minimality of G, G=N 2 N p . Since the class N p is a saturated formation, N is the unique minimal normal subgroup of G andˆ.G/ D 1. By Lemma 3.3 (4)
By (3) we have that jO p .G/j > p nC1 . By (3) and [33, Lemma II.7.9] , N D O p .G/ and there exists a maximal subgroup
where M p is a Sylow p-subgroup of M and let P 1 be an n-maximal subgroup of P with M p 6 P 1 . Clearly O p .G/ Š P 1 . By the assumptions there exist a normal subgroup K of G and an s-permutably embedded subgroup .P 1 / se of G contained in P 1 such that P 1 K is s-permutable in G and P 1 \ K 6 .P 1 / se . Since jO p .G/j > p nC1 , we have P 1 \ O p .G/ ¤ 1, and since O p .G/ is elementary abelian and M p 6 P 1 , we 
This is evident from (2) and (4).
Assume that G > PN . By Lemma 3.2 PN satisfies the assumptions. Therefore, by the minimality of G, PN is p-nilpotent, so N is p-nilpotent, which is contrary to (5).
(7) G is not a simple non-abelian group. If not, let P 1 be an n-maximal subgroup of P , so there exist a normal subgroup T of G and an s-permutably embedded subgroup .P 1 / se of G contained in P 1 such that P 1 T is s-permutable in G and P 1 \ T 6 .P 1 / se . Therefore T D 1 or T D G. If T D 1, then P 1 is s-permutable in G. Therefore P 1 is subnormal in G and P 1 6 O p .G/, contrary to (4). Hence T D G and P 1 6 .P 1 / se 6 P 1 so P 1 is s-permutably embedded in G. Therefore P 1 is a Sylow p-subgroup of some s-permutable subgroup R of G and R is subnormal in G, a contradiction.
(8) There exists a maximal subgroup P of P such that P \ N Š P . By (6) and (7) we have P \ N < P . If P \ N 6ˆ.P /, then N is p-nilpotent by [22, IV Satz 4.7] , which is contrary to (5) . Therefore there exists a maximal subgroup of P not containing P \ N , say P .
(9) The final contradiction. Let P 1 be an n-maximal subgroup of P such that P 1 6 P . Then there exist a normal subgroup T and an s-permutably embedded subgroup .P 1 / se of G contained in P 1 such that P 1 T is s-permutable in G and P 1 \ T 6 .P 1 / se . Similarly to (7) we get that T ¤ 1. Since N 6 T , by (3) we have jT j p > p nC1 , so Theorem 3.5. Let p be an odd prime dividing the order of G and let P be a Sylow p-subgroup of G. If N G .P / is p-nilpotent and every maximal subgroup of P is sn-embedded in G, then G is p-nilpotent.
Proof. Assume that the result is false and let G be a counterexample of minimal order. We will derive a contradiction in several steps.
Similarly to part (2) of the proof of Theorem 3.4 we have that every maximal subgroup of
Since N M .P / 6 N G .P /, N M .P / is p-nilpotent. By Lemma 3.2 every maximal subgroup of P is sn-embedded in M . By the minimality of G, M is p-nilpotent.
(3) G is p-solvable. Since G is not p-nilpotent, by Thompson's result ( [34] ) there exists a nontrivial characteristic subgroup U of P such that N G .U / is not p-nilpotent. Since N G .P / is p-nilpotent, we may choose a characteristic subgroup U of P such that N G .U / is not p-nilpotent, but N G .K/ is p-nilpotent for every characteristic subgroup K of P with U < K 6 P . Since N G .P / 6 N G .U / and N G .U / is not p-nilpotent, we must have N G .U / > N G .P /. Then by (2) we obtain that N G .U / D G. Thus O p .G/ ¤ 1 and N G .K/ is p-nilpotent for every characteristic subgroup K of P satisfying P > K > O p .G/. Using again the same result of Thompson, we have G=O p .G/ is p-nilpotent and therefore G is p-solvable. where M p is a Sylow p-subgroup of M . Since N G .P / 2 N p and G 6 2 N p , we have O p .G/ < P . Let P 1 be a maximal subgroup of P such that M p 6 P 1 and P D O p .G/P 1 . By the assumptions there exist a normal subgroup T of G and an s-permutably embedded subgroup .P 1 / se of G contained in P 1 such that P 1 T is s-permutable in G and P 1 \ T 6 .P 1 / se . If T D 1, then P 1 is s-permutable in G, so by [5] O p .G/ E N G .P 1 /, therefore G D PO p .G/ 6 N G .P 1 /, P 1 C G and O p .G/ 6 P 1 . Hence P D P 1 , a contradiction. Thus assume that T ¤ 1. If P 1 \ T D 1, then
Since P D O p .G/P 1 , it follows that jN j D p. Since G=N D N G .N /=C G .N / is isomorphic to some subgroup of Aut N of order dividing p 1, it follows that
Therefore G D N G .N / D N G .P / is p-nilpotent, a contradiction. Hence we must have P 1 \ T ¤ 1. Then 1 ¤ .P 1 / se is a Sylow p-subgroup of some s-permutable subgroup R of G. If R G D 1, then .P 1 / se is s-permutable in G and
It follows that O p .G/ 6 N G .P 1 / se . Similarly to part (4) of the proof of Theorem 3.4 we see that
Hence O p .G/ D P 1 \ O p .G/, so O p .G/ 6 P 1 and P D P 1 , a contradiction. If R G ¤ 1, then O p .G/ 6 R G 6 R. Since .P 1 / se is a Sylow p-subgroup of R, we have O p .G/ 6 .P 1 / se 6 P 1 , the final contradiction.
Theorem 3.6. Let F be a saturated formation containing all supersolvable groups. Then G 2 F if and only if G has a normal subgroup N such that G=N 2 F and, for every non-cyclic Sylow subgroup P of the generalized Fitting subgroup F .N / of N , every maximal subgroup of P is sn-embedded in G.
